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One of the great challenges in the science of complex materials – materials capable of emergent behavior
such as self-organized pattern formation – is deciphering their ‘‘inherent” structural design principles as
they deform in response to external loads. We have been exploring the efﬁcacy of techniques from com-
plex networks to the study of dense granular materials as a means to: (i) uncover such design principles
and (ii) identify suitable metrics that quantify the evolution of structure during deformation. Herein, we
characterize the developing network structure and loss of connectivity in a quasistatically deforming
granular medium from the perspective of complex networks. Attention is paid to the evolution of the con-
tact and contact force networks at the local or mesoscopic level, i.e., a particle and its immediate neigh-
bors, as well as the macroscopic level. We explore network motifs and other topological properties at
these multiple length scales, in an attempt to ﬁnd that which best correlates with the constitutive prop-
erties of nonafﬁne deformation and dissipation, spatially and with respect to strain. Key processes or
rearrangement events that cause loss of connectivity within the material domain, e.g. microbanding
and force chain buckling, are investigated. Network statistics of these processes, previously shown to
be major sources of energy dissipation and nonafﬁne deformation, are then tied to corresponding trends
observed in the evolving macroscopic network. It is shown that consideration of the unweighted contact
network alone is insufﬁcient to tie dissipation to loss of material connectivity.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
It is fashionable to study a physical process or data using com-
plex networks. This approach is not a fad since numerous systems
found in the real world exhibit many properties well described by a
network structure. Network theory is the study of mathematical
structures used to model complex relations between subjects from
a certain collection. In this context, a network refers to a group of
nodes representing the subjects and a number of links that connect
pairs of nodes (Bollobás, 2008). The connections between the sub-
jects can, in principle, be calculated using any algorithm that rep-
resents the nature of the relationship to be studied, for example,
whether two particles are in physical contact with each other or
not. Network theory has received signiﬁcant attention from a
sociological perspective and has recently emerged as a useful tech-
nique in anthropology, geography, psychology, communication
studies, information science, organizational studies, economics,
biology and neuroscience (Costa et al., 2007; Strogatz, 2001; Albert
and Barabási, 2002; Boccaletti et al., 2006). The literature on the
mechanics and physics of granular materials is replete with state-
ments about contact networks, strong and weak force networks
including force chain networks (Radjai et al., 1998; Oda andll rights reserved.
ordesillas).Iwashita, 2000; Oda et al., 2004; Majmudar and Behringer, 2005).
It is surprising, therefore, that until relatively recently there are
very few studies which consider granular assemblies as a complex
network (Arévalo et al., 2009), and fewer still consider the chang-
ing structure of granular materials as an evolving network (e.g.
Peña et al., 2009).
In this paper, we consider the evolving properties of networks
representing the contact and contact force topology of a granular
system. We focus attention on two length scales: the macroscopic
and the mesoscopic. At the macroscopic level, we consider the glo-
bal behavior of network properties whereas at the mesoscopic
level, clusters of particles (3–4 particles wide) are considered.
We investigate the efﬁcacy of typical complex network measures
to inform and guide constitutive modelers on how to improve cur-
rent models. Many studies only provide a cursory glance at the
importance of a complex network analysis, for example, analysis
seldom goes beyond consideration of degree distribution, degree
correlation, path length and clustering coefﬁcients (Arévalo et al.,
2009; Peña et al., 2009). Indeed, for a granular system, unless the
particle shape and size distribution is wide in range, a simplistic
study of degree distribution and path length can be rather uninfor-
mative. Clustering coefﬁcient, however, is very interesting as it is
intimately linked to the presence of 3-cycles in the granular mate-
rial. It is already understood that 3-cycles in a contact network is
associated with frustrated rotations of particles and as such to
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mous with local nonafﬁne deformation and high dissipation rate
(Tordesillas, 2007; Tordesillas and Muthuswamy, 2008). Hence,
the search for complex network properties and network motifs
(recurring patterns) which are capable of capturing such phenom-
enon is the main focus of this paper. In particular, network statis-
tics related to n-cycles or other motifs are of high importance.
To determine what network properties are informative we
choose to study a discrete element (DEM) model of a densely
packed polydisperse assembly of spherical particles, constrained
to move along a plane, under biaxial compression (Tordesillas,
2007). Our methods and results, however, are general and not so-
lely restricted to such an experiment; indeed we have obtained
reproducibility for other test systems and also experimental data.
We focus on the system examined in Tordesillas (2007) because
many of the deﬁning properties of a deforming dense granular
material are apparent; a ‘‘clean” shear band is established; force
chains and those which buckle can be clearly identiﬁed. As such,
should a particular network statistic be distinctive, we can readily
correlate it to known events and judge its signiﬁcance.
The objective of this paper is threefold. In the ﬁrst instance, we
seek to introduce network measures that can capture deﬁning as-
pects of the rheological response of the material. To achieve this,
we must necessarily go beyond degree and clustering coefﬁcient.
Secondly, we wish to explain these measures in terms of physical
behavior. In particular, we aim to relate network properties at
the macroscopic scale to underlying mechanisms at the mesocopic
scale. Attention will be paid to key rearrangement events known to
govern the different regimes of deformation: microbands and,
more importantly, force chain buckling in shear bands (Tordesillas,
2007; Kuhn, 1999; Thornton and Zhang, 2006; Rechenmacher,
2006; Tordesillas et al., 2008, 2009; Tordesillas and Muthuswamy,
2009). These mesoscopic rearrangements are accompanied by a
decrease in degree (coordination number) which is synonymous
with loss of connectivity; in turn, loss of internal connectivity gen-
erally involves nonafﬁne deformation (i.e., deviation from a uni-
form or afﬁne deformation), a property that was shown to be
intimately related to energy dissipation rate (Tordesillas, 2007).
Thirdly, we wish to propose some new extensions to network mea-
sures in the case of weighted networks and demonstrate the effec-
tiveness of certain network motifs in capturing the evolution of
material connectivity and force transmission in deforming dense
granular systems. It is our hope that complex networks can offer
useful tools in the characterization and modeling of dense granular
materials.
As highlighted in Valanis (1995, 1996), a crucial aspect of con-
stitutive modeling is ﬁnding a suitable metric for loss of connectiv-
ity. Loss of connectivity inside the material is emphasized in these
papers as one which often manifests as nonafﬁne deformation and
leads to energy dissipation. Thus any network property which cor-
relates well, temporally and spatially, with dissipation is a good
candidate for such a metric. Furthermore, the most signiﬁcant net-
work structures and/or structural evolution from the perspective of
this network property provide valuable clues for constitutive mod-
elers. This information would narrow down the choice of internal
variables in a thermodynamic based plasticity theory (e.g. ther-
momechanics Tordesillas and Muthuswamy, 2008; Valanis, 1996;
Collins and Houlsby, 1997) by identifying preferred packing
arrangements and rearrangements via network motifs.
The organization of this paper is as follows. We begin in Section
2 with a summary of the numerical experiment undertaken to gen-
erate the particle-scale data that will be examined, as well as the
relevant algorithms developed in earlier studies in Tordesillas
(2007) but which are relevant to the present analysis. We also dis-
cuss the key features of the rheological response of the material as
a precursor to the introduction of its representation as a complexnetwork. Section 3 describes how we view a granular material as
an unweighted network and a number of its properties are pre-
sented. How such properties evolve with respect to loading on both
the local (mesoscopic) and global scale are discussed. We then con-
sider weighted networks in Section 4 summarizing both the con-
tact and contact force topologies. We note that by exploiting the
additional force information different aspects of the systems re-
sponse can be revealed. We end Section 4 by studying a weighted
generalization of a centrality measure which appears to correlate
well, temporally and spatially, with measures of energy loss and
deformation. As such we speculate that this weighted network
measure, or something akin to it, may be of interest to the consti-
tutive modeler taking a thermomechanical approach that are reli-
ant on internal variables (e.g. Tordesillas and Muthuswamy, 2008;
Valanis, 1996; Collins and Houlsby, 1997). The paper closes with a
summary of key ﬁndings and possible implications.
2. The biaxial test and system response
The system to be examined is based on the model developed in
(Tordesillas, 2007) using the discrete element method (DEM). The
method enables a direct numerical simulation of deformation pro-
cesses in granular materials. In this section, we discuss key ele-
ments of this simulation and the relevant algorithms developed
in (Tordesillas, 2007) that are used to identify force chains and
buckling force chains, as well as the procedure employed to com-
pute the nonafﬁne deformation and dissipation rate. We then pro-
vide a summary of the salient features of the material’s rheology,
paying particular attention to precursory failure events which
manifest themselves as self-organized patterns in the deformation.
These deformation patterns have been quantitatively characterized
in earlier papers using other measures. They are highlighted here
to serve as a point of reference against which we can assess the
effectiveness of the new metrics from complex networks in reveal-
ing the important underlying dynamics.
The DEM model employed here has been used to examine the
constitutive response of other granular assemblies, under a variety
of compression and penetration tests (e.g. Tordesillas and
Muthuswamy, 2008, 2009; Tordesillas et al., 2009; Muthuswamy
and Tordesillas, 2006). The speciﬁc system under consideration
consists of a densely packed, polydisperse assembly of spherical
particles constrained to move along a plane throughout the loading
history. Resistances to relative motion at the particle-particle and
particle-wall contacts are governed by combinations of a linear
spring, a dashpot and a friction slider. The model is designed to mi-
mic the response of assemblies of noncircular particles (e.g. Alon-
so-Marroquin et al., 2005; Estrada et al., 2008). This is achieved
by incorporating a moment transfer at contacts to act as rolling
resistance in accordance with (Iwashita and Oda, 2000; Oda and
Iwashita, 2000). This modiﬁcation to the classical DEM model of
Cundall and Strack (1979), which allows the relative rotations of
particles at contacts to be controlled, has been found to be essen-
tial in achieving more realistic rotations and stress predictions
(e.g. Sakaguchi et al., 1993; Hu and Molinari, 2004; Jiang et al.,
2005; Ji et al., 2009).
A combination of Hooke’s Law and Coulomb’s Law deﬁnes the
interaction between contacting particles, namely,
fn ¼ knDun þ bnDvn ð1Þ
ft ¼ k
tDut þ btDvt for jDutj < ljfnj=kt
ljfnj for jDut jP ljfnj=kt
(
ð2Þ
where fn and ft are the normal and tangential components of the
contact force, kn and kt are spring stiffness coefﬁcients, bn, bt are
the viscous damping coefﬁcients, and l is the Coulomb friction
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and Oda and Iwashita (2000), the rolling resistance or contact mo-
ment, deﬁned in an analogous fashion to Coulomb’s law, is ex-
pressed as
Ic ¼ k
rDaþ brD _a for jDaj < lrRminjfnj=kr
lrRminjfnj forjDajP lrRminjfnj=kr
(
ð3Þ
where Rmin denotes the smaller of the radii of the two interacting
particles, kr is the spring stiffness coefﬁcient, and lr is the friction
coefﬁcient. The remaining quantities in the above relations are
the relative normal and tangential displacements and relative rota-
tions denoted respectively by Dun;Dut and Da;Dvn;Dvt and D _a rep-
resent the relative normal and tangential translational and
rotational velocities, respectively.
Table 1 provides a summary of the simulation and material
parameters used. The particular assembly comprises 5098 circular
particles, created randomly, the radii of which are uniformly dis-
tributed between 0.76 mm and 1.52 mm. The initial conﬁguration
is isotropic with a solid fraction of 0.858, a value slightly above
the jamming transition where the system ﬁrst attains mechanical
equilibrium. The vertical walls are frictionless so that particles
can slide and roll along them without any resistance; otherwise,
all other material properties are identical to those of the particles.
The top and bottom walls are assumed to have the same material
properties as the particles. The stiffness coefﬁcient for the rolling
resistance is chosen based on the assumption that, under equilib-
rium conditions, contact moments due to rolling resistance are
comparable to the moments due to the tangential forces (Tordesi-
llas, 2007).
The initial sample is prepared by dropping particles into the
(rectangular) container under a gravitational ﬁeld with friction
coefﬁcient between particles set to zero. The assembly is left to set-
tle until the kinetic energy is negligible. The sample is compressed
at a constant strain rate in the vertical direction, while allowed to
expand in the horizontal direction under a constant conﬁning pres-
sure. The rate of compression is given by _eyy ¼ 0:008 s1. Inertial
effects are quantiﬁed by the dimensionless group _eyy
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m=p
p
and is
of the order of 105 which is signiﬁcantly less that suggested to
correspond to the transition between the quasi-static regime and
dense ﬂow regime of 103 (da Cruz et al., 2005). Additional simu-
lations performed at even smaller rates of deformation conﬁrmed
that the strain rate is sufﬁciently small to ensure quasi-static con-
ditions. Damping coefﬁcients are assigned values according to the
formulae: bn ¼ 0:1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mmink
n
p
; bt ¼ 0:1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mmink
t
q
; br ¼ 0:1Rmin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mmink
r
pTable 1
DEM parameters and material properties used.
Parameter Value
_eyy 8 103=s
Timestep increment 4 106 s
Initial height:width ratio 1:1
Number of particles 5098
Particle density 2:65 103 kg=m3
Smallest radius 0:76 103 m
Largest radius 1:52 103 m
Average radius (uniform distribution) 1:14 103 m
Initial packing density 0.858
Inter-particle friction l 0.7
Particle-wall friction l (top, bottom) 0.7
Particle-wall friction l (sides) 0.0
Rolling friction lr 0.02
Normal spring stiffness kn 1:05 105 N=m
Tangential spring stiffness kt 5:25 104 N=m
Rotational spring stiffness kr 6:835 102 Nm=radwhere mmin is the mass of the smaller particle. The discrete time
step used in the numerical integration is set to
Dt ¼ 0:1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mmin=k
n
q
¼ 4 106 s. Additional tests with smaller time
steps have been performed: no effect on the particle dynamics has
been observed. The average overlap between particles depends on
the value of the stiffness coefﬁcient kn and the assumed conﬁning
pressure p. Here p=kn ¼ 0:0067kn ¼ 703:5 Nm1: this results in an
average overlap between particles of approximately 1 %. This ratio
was chosen so that strain localization and, in particular, the forma-
tion of a persistent shear band is reproduced.
2.1. Force chains
In this study, force chains are considered to be physical struc-
tures – speciﬁcally, quasi-linear chains of particles that bear the
majority of the load in the assembly. These structures generally
align themselves in the direction of maximum compressive stress
and, in doing so, act like columns and bear or transmit the com-
pressive load in the assembly. A thorough knowledge of the nature
of force chain evolution as well as the factors that govern this evo-
lution is of crucial importance and thus a primary goal in granular
physics and mechanics. The extent to which complex networks can
assist in this effort is one of the key issues we wish to explore in
this study.
We employ the quantitative method for identifying force chains
and their failure by conﬁned buckling developed in (Tordesillas,
2007; Muthuswamy and Tordesillas, 2006; Peters et al., 2005).
We summarize herein the essential features of these algorithms
for completeness. Particles in force chains can be identiﬁed using
their particle load vectors. This vector, computed for each particle,
is derived from the local force moment tensor r^ij as follows:
r^ij ¼
Xa
c¼1
f ci r
c
j ; ð4Þ
wherea is thenumberof contactingneighbors of theparticle, f ci and rcj
denote the components of the contact force and the unit normal vec-
tor from the center of the particle to the point of contact. The largest
eigenvalue of this tensor and its corresponding eigenvector deﬁne,
respectively, themagnitude and direction of the particle load vector.
A chain of three or more particles whose particle load vectors align
within a prescribed small tolerance angle and whose particle load
magnitudes each exceeds the global average value is deﬁned as a
force chain. Note that this global average value varies with strain in
aqualitatively similarmanner to thatof the shear stress: inparticular,
it reaches a peak value at the same strain state as the peak shear
stress. An example force chain from the sample at a strain state just
after the peak shear stress is shown in Fig. 1(a and b).
In the pre-failure loading regime, the compressive load on the
force chains in the specimen increases under a progressive loss
of lateral support due to the dilatation (Tordesillas, 2007). The
force chains thus become increasingly prone to and ultimately col-
lapse from buckling. When an axially compressed structure buck-
les, the axial load it carries decreases as its structural elements
displace laterally. Accordingly, in order to identify force chains that
have buckled over a given strain interval ½eA; eB, the following
three-step process of elimination is employed. First, all particles
that are not in force chains at eA are eliminated. This leaves only
force chains to be analyzed. When a structure buckles from axial
compression, the axial load it carries decreases. Thus, in the second
step, a force chain whose member particles do not individually sus-
tain a drop in the magnitude of their particle load vector during
½eA; eB is eliminated. Out of the remaining force chains, all contig-
uous 3-particle segments within each chain are analyzed in the
third and ﬁnal step. In the example force chain shown in Fig. 1,
(a)
1
2
3
4
|ε22|=0.0727
(b)
|ε22|=0.0727
(c)
θB
|ε22|=0.0731
Fig. 1. (a) Contact forces on a force chain in black arrows and (b) corresponding particle load vectors whose direction and magnitude are indicated by the alignment and
thickness of the black lines. (c) The force chain buckles during ½eA; eB ¼ ½0:0727; 0:0731, for a buckling threshold of h ¼ 1; the angle hB is shown for segment 1–2–3. The
change in the orientation of the blue solid line from center to edge of particles from (b) and (c) indicate rotations.
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analyzed over the strain interval ½eA; eB ¼ ½0:0727;0:0731: see
Fig. 1(b) and (c). Speciﬁcally, the change in the alignment of each
such segment in a force chain is computed via the buckling angle
hwhich is given by h ¼ ðhA  hBÞ=2; hA and hB are the subtended an-
gle of the outer particles with respect to the central particle in the
segment at strain states eA and eB, respectively; and
0 < hB < hA 6 p. A force chain segment, as well as the force chain
it is part of, is deemed to have buckled if the buckling angle ex-
ceeds a prescribed threshold h, i.e., h < h. The sensitivity of the
above procedures to the thresholds used in these algorithms have
been studied extensively elsewhere using data from both DEM
simulations and photoelastic disk experiments (Tordesillas, 2007;
Tordesillas and Muthuswamy, 2008, 2009; Tordesillas et al.,
2009; Muthuswamy and Tordesillas, 2006; Peters et al., 2005); a
global average particle load vector magnitude for the force chain
algorithm along with h ¼ 1 for the buckling algorithm are physi-
cally reasonable choices.
2.2. Nonafﬁne deformation
Nonafﬁne deformation and dissipation rate have been studied
in detail in (Tordesillas, 2007). In what follows, we present only
a brief summary of how these properties are computed and key
trends in their evolution, in preparation for the presentation of
the new measures from complex networks. Firstly, dissipation rate
is computed as
D ¼ W  DEkin  DEpot
Dt
; ð5Þ
whereW is the work done on the system and DEkin and DEpot are the
changes in kinetic and potential energy over Dt, respectively. These
energies are expressed as
Ekin ¼
Xb
p¼1
mjvpj2
2
 !
; ð6Þ
Epot ¼
Xa
c¼1
jfncj2
2kn
þ jf
tcj2
2kt
þ jI
cj2
2kr
 !
; ð7Þ
where the summation in Ekin is over all particles b and that for Epot is
over all contacts a; fnc , ftc are the normal and tangential components
of the contact force; and Ic is the contact moment.
The nonafﬁne deformation devised in (Tordesillas et al., 2008)
was shown to capture the evolution of local kinematics in the re-
gions of greatest dissipation, e.g. microbands and shear band
(Tordesillas, 2007; Tordesillas et al., 2008; Tordesillas andMuthuswamy, 2008). These were recently introduced in a thermo-
micromechanical constitutive formulation as internal variables.
The resulting constitutive model can reproduce deﬁning phenom-
ena, including strain-softening under dilatation, noncoaxiality and
the development of contact and contact force anisotropies inside
the shear band (Tordesillas and Muthuswamy, 2008). However,
this constitutive formulation is relatively complex and hence the
question that naturally arises is whether simpler metrics for loss
of material connectivity can be devised.
For completeness, we brieﬂy outline the deﬁnitions for nonafﬁne
deformation. These deﬁnitions stem from the measures of the local
micropolar strain and curvature experienced by a single particle rel-
ative to its immediate neighbors. The micropolar strain is
eij ¼ 12A
X
c2B
ðpci þ pcþ1i Þejk3ðlcþ1k  lckÞ; ð8Þ
where the sumis takenanticlockwiseover the set of branchvectorsB
associated with the particle, ejk3 is the permutation tensor, l
c
i is a
branch vector between the reference particle and its neighbor ‘ c’, pci
is a vector describing the relative motion of the particle c from the
frameof the reference particle, andA is the area of theDelaunaypoly-
gon for the particle. This polygon is made up of the triangles derived
from a Delaunay triangulation of the particle and its ﬁrst ring of con-
tacting and noncontacting neighbors. The vector pci is deﬁned as
pci ¼ uci  ui þ eij3lcjx; ð9Þ
where ui and uci denote respectively the displacement of the refer-
ence particle and its neighbor since the start of loading, and x is
the rotation of the reference particle. A more detailed account of
this strain deﬁnition is presented in (Tordesillas et al., 2008). The
measure of the local particle strain rate is thus given by
_eij ¼ 12A
X
c2B
ð _pci þ _pcþ1i Þejk3ðlcþ1k  lckÞ; ð10Þ
from which the following volumetric strain rate _ev ¼ 12 ð _e11 þ _e22Þ
can be computed. Note that the change in the branch vectors over
a small increment of time (e.g. a single time step in the DEM simu-
lation) is neglected in the above deﬁnition for strain rate. Similarly,
the particle curvature rate may be expressed in terms of the rate of
relative rotation _cc ¼ _xc  _x at a branch vector as
_ji ¼ 12A
X
c2B
ð _cc þ _ccþ1Þeij3ðlcþ1j  lcj Þ: ð11Þ
Local measures of the nonafﬁne deformation in tensorial and
scalar form can be computed by comparing the relative motion
predicted by the above local measures of strain and curvature to
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et al., 2008). Here we focus on the scalar measure of the nonafﬁne
strain which can be expressed as follows,
De ¼ 1
2A
X
c2B
jD _pcjðjlcþ1  lcj þ jlc  lc1jÞ; ð12Þ
where Dpci represents the difference between the relative motion of
the particle c from the frame of the reference particle and the mo-
tion implied by the particle strain, namely
Dpci ¼ pci  eijlcj : ð13Þ
If D _cc ¼ _cc  _jilci , the nonafﬁne curvature is given by
Dj ¼ 1
2A
X
c2B
jD _ccjðjlcþ1  lcj þ jlc  lc1jÞ: ð14Þ2.3. Key features of the deformation: mesoscopic and macroscopic
We now summarize the essential aspects of the deformation in
the different stages of the loading history, as shown in the sche-
matic in Fig. 2(top panel). The strain evolution of the system exhib-
its distinct regimes of deformation, typically seen for dense
cohesionless granular assemblies under compression (e.g. dry sand
in plane strain compression test (Rechenmacher, 2006)): a period
of strain-hardening regime, followed by strain-softening and, ﬁnal-
ly, the so-called critical state regime (Tordesillas, 2007). The strain-
hardening is characterized by a monotonic increase with axial
strain of the shear stress to a peak value, where shear stress is gi-
ven by the stress ratio ðrxx  ryyÞ=ðrxx þ ryyÞ. Post peak, relatively
large ﬂuctuations are evident: the ensuing strain-softening regime
is characterized by a sequence of precipitous drops in the shear
stress before the critical state regime where the shear stress then
ﬂuctuates about an essentially steady-state value. A single persis-Fig. 2. (top panel) The various stages of system behavior when subjected to biaxial loadi
global averages of the nonafﬁne strain hDi and of the nonafﬁne curvature RhDji.tent shear band governs the dynamics in the critical state regime.
As shown in Tordesillas (2007), the sample dilates globally prior to
this regime. The onset of global dilation occurs in the latter half of
the strain-hardening regime, with the maximum rate achieved just
after the peak shear stress during the strain-softening regime. Dis-
counting small ﬂuctuations in bulk volume, global dilation of the
sample essentially ceases during the critical state. The small ﬂuctu-
ations about a near constant bulk volume are due to particle rear-
rangements inside the shear band. Inside the band, two concurrent
mechanisms prevail: collapse by buckling of old force chains and
emergence of new force chains. These mechanisms lead to dilatant
and contractant particle rearrangements within the shear band,
and their relative dominance ultimately determines the precise de-
tails of the ﬂuctuations seen on the global scale (e.g. Tordesillas
et al., 2009).
We now turn our attention to the trends in the nonafﬁne defor-
mation, with particular attention paid to precursory failure events
that emerge the various stages of deformation. With respect to the
nonafﬁne measures in Eqs. (12) and (14) and that of the dissipation
in Eq. (5), three distinct stages are evident. As shown in Fig. 2(bot-
tom panel), in stage 1, the assembly deforms almost uniformly in
accordance with the macroscopic strain rate, dictated by the mo-
tion of the boundaries; nonafﬁne deformation and dissipation are
both negligible. In stage 2, a secondary displacement ﬁeld emerges
and is characterized by the presence of two families of conjugate
thin localization zones which span the entire assembly – called
microbands. Microbands have been characterised quantitatively
by Kuhn (1999). As shown in Fig. 2 (bottom panel), these structures
result in a slight increase in both the macroscopic nonafﬁne defor-
mation and dissipation. A microband forms when local void cells,
undergoing slip deformation due to large relative tangential move-
ment of the particles, organize themselves into thin obliquely
trending bands, i.e., in a crisscross pattern. The bands are between
one and four particle diameters in width. Thicker particle clusters,ng. (bottom panel) Variation with axial strain of the shear stress sin/, dissipation D,
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scales have been observed in other numerical simulations (Thorn-
ton and Zhang, 2006; Koenders, 1997). Microbands are neither sta-
tic nor persistent, rarely enduring for more than 0:2% axial strain
(Kuhn, 1999), and cease to exist after particles slip past each other
and rearrange.
Just before the peak shear stress, the onset of what will later be-
come the so-called persistent shear band initiates. As recently estab-
lished (Tordesillas et al., 2008), the local or particle scale nonafﬁne
strain that was previously conﬁned to microbands suddenly inten-
siﬁes and becomes localized along the shear band. Stage 3 repre-
sents the post-peak regime which encompasses the continuation
of the shear band development and the ensuing steady-state evo-
lution of the band. The shear band is fully formed at axial strain
jyyj ¼ 0:04, manifesting itself in the sudden decrease in the dilata-
tion rate; during the persistent shear band regime, jyyj > 0:04, the
regions outside move collectively in essentially rigid-body motion.
Throughout stage 3, consecutive cycles of unjamming–jamming
events (i.e., drop and rise in macroscopic stress ratio) occur that
are reminiscent of the so-called ‘‘slip–stick” phenomenon observed
in other granular systems (Tordesillas and Muthuswamy, 2009;
Volfson et al., 2004; Dalton and Corcoran, 2001). Stored elastic po-
tential energy during each unjamming event is transformed into
kinetic energy and then dissipated (via friction and irreversible
structural rearrangements), as evident in the peaks in the dissipa-
tion rate by 1–2 orders of magnitude. In contrast with stage 2, the
macroscopic dilatation observed in stage 3 is conﬁned to the band
and has been shown to be predominantly due to the buckling of
force chains (Tordesillas, 2007). Force chains are long-range corre-
lations of the directions and magnitudes of large forces: these may
be only a few particles in length, or they may extend over many
tens of grain diameters sometimes percolating through the
deforming medium. Sudden bursts or peaks in the population of
buckling force chains occur during unjamming periods and these
have been found to be strongly correlated with both dissipation
rate and nonafﬁne deformation, both spatially and with respect
to strain (Tordesillas, 2007; Tordesillas and Muthuswamy, 2008).
Throughout the loading history, rattlers are present; these parti-
cles, which have one or no contacts, carry negligibly small or no
force and are free to move within a cage formed by their ﬁrst ring
of neighbors as deﬁned by the Delaunay triangulation.
We emphasize that the essential differences between the
microbands that governs the pre-failure regime of stage 2 versus
the shear band observed in the post-failure regime of stage 3 reside−2 0 2
−3
−2
−1
0
1
2
3
Axial strain 0.028
Fig. 3. A representation of the contact network at two representative axial strain values
second drop in shear stress value when the shear band has fully developed.in their: (i) characteristic thickness, (ii) persistence during loading,
and (iii) governing mechanism which is that of relative slip at con-
tacts for microbands versus force chain buckling for shear bands.
Both structures are dissipative. However, force chain buckling in
shear bands lead to the highest levels of dissipation in the system.
The average coordination number decreases with the axial
strain, reﬂecting the degeneration of contacts in the direction of
extension. However, for strains beyond the peak shear stress, the
average coordination number reaches a minimum and saturates
as the rate at which contacts are lost is balanced by the rate at
which new contacts are formed. As a precursor to the next section,
Fig. 3 shows a representation of the contact network at two partic-
ular strain values (within the microbanding regime at jyyj ¼ 0:028
and at the second minimum of shear stress after peak at
jyyj ¼ 0:047). Despite such plots only representing particles by
their centers (the size of the cycles provide only an approximate
indicator of the void area), relatively large void pockets can be seen
in the shear band extending from the bottom left of the specimen
to its top right corner. In Fig. 4, we show depictions of key rear-
rangement events: conﬁned buckling of a force chain and a micro-
band. The Cluster A !B has been analyzed extensively in the
context of nonafﬁne deformation (Tordesillas and Muthuswamy,
2009; Tordesillas and Shi, 2009). The transition B !C is included
to highlight the effect of a further loss of connectivity on certain
network properties.
3. Contact networks
A network or graph is a collection of nodes and links. Nodes can
represent individuals or systems and a connecting link exists if
there is some relationship between systems. We consider granular
assemblies of particles where each particle corresponds to a node
and construct a contact network where a link between nodes exists
if two particles are in contact. The particle assembly is subject to
increasing strain; for each strain, we construct a contact network
which is a planar graph, as shown in Fig. 5. We then study the sta-
tistics of various complex network properties as the contact net-
work evolves from one strain state to the next. Since we have
5098 particles in our assembly, each contact network for a given
strain state consists of 5098 nodes and typically around 9000 links.
A collection of network statistics can be referred to as a feature
vector (Costa et al., 2007) and the evolution of such features re-
veals the different states of behavior of the particle assembly
including the onset and behavior within the so-called critical state−2 0 2
−3
−2
−1
0
1
2
3
Axial strain 0.047
. The left panel is during the microbanding regime whereas the right panel is at the
Fig. 4. (top panel) Clusters A–C with network statistics presented in Table 2. (bottom panel) Two stages of a microbands A and B with network statistics presented in Table 3;
these slip zones form part of two families of thin conjugate bands which self-organize in a crisscross pattern that extends throughout the specimen.
Fig. 5. The contact network is a planar graph comprising nodes (representing 5098
particle centers) and links (representing 9243 interparticle contacts). This network
represents the connectivity of the sample at jeyyj ¼ 0:040 in the strain-softening
regime.
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be studied by considering important network motifs (Milo et al.,
2002) – topological structures or patterns which occur more fre-
quently in the network than would otherwise be expected.
The contact network described above is an unweighted, undi-
rected graph and is usefully summarized by an adjacency matrix
A where an element aij of A is equal to 1 representing particle i
and particle j being in contact, or equal to 0 if no such contact ex-
ists. In an unweighted network one of the most fundamental prop-
erties is the degree (k) of a node and the degree distribution. The
degree of a node is the number of links it has, or the number ofparticles it is in contact with in a contact network. This is com-
monly known within the granular media community as the coordi-
nation number (Agnolin and Roux, 2007). Interest in classifying the
degree distribution has driven research on complex networks with
special attention being given to a systems complex network repre-
sentation exhibiting either small world properties or a scale-free
degree distribution (Strogatz, 2001; Albert and Barabási, 2002;
Watts and Strogatz, 1998; Newman, 2003).
In the following exposition, we will ﬁrst introduce each net-
work property with respect to key particle arrangements at the
mesoscale – force chain buckling and microbanding – before we
consider the global average across the entire network for such a
property to obtain a macroscopic view of the new information. In
this way, we can more clearly expose the connections between
the changes observed in the macroscopic network properties to
the underlying structural rearrangements taking place in the mes-
oscopic interior of the material.3.1. Degree
A network possessing a scale-free degree distribution is notable
in that there exists a small proportion of nodes with very high de-
gree, so-called hubs in the network. In a granular material unless
the particle size and shape distributions are wide ranging it is un-
likely that the degree distribution of the contact network will be
scale-free. There is, however, an interesting network structure clo-
sely related to the geometry of perfect packings whose degree dis-
tribution is scale-free and also exhibits small world properties. This
class of networks is called Apollonian (Soares et al., 2006) and they
can be used to describe force chains in polydisperse granular pac-
kings (Andrade et al., 2005). In our case, the biaxial compression
system, the maximum degree is kmax ¼ 7 throughout the loading
history. It remains interesting, however, to look at how the ﬁrst
two moments of the contact networks degree distribution evolves
as the strain increases compared to the shear stress behavior.
At the mesoscopic scale (Clusters A–C of Fig. 4) we can observe
the effect on degree of a buckling force chain and its conﬁning
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chain with a hexagonal closed packing of conﬁning neighbors
(Cluster A). The central particle has degree 6 and there are many
3-cycles in the network representation. (3-cycles, or triangles, are
one of the most basic and important network motifs seen in a gran-
ular material.) As the particles respond to increasing load and the
arrangement deforms in a nonafﬁne manner as seen in buckling
force chains, the contact topology changes A ! B! C. The average
degree (Table 2) decreases with the resulting loss of connectivity. A
similar decrease in degree is seen within a microband (Fig. 4 and
Table 3).
At the macroscopic scale, the average degree and its standard
deviation for the entire contact network as strain increases is
shown in Fig. 6. We see that the average degree remains above 3
throughout the loading history. This conﬁrms that the specimen
is dense. As strain increases and the material undergoes strain-
hardening to peak shear stress we note that the average degree
monotonically decreases. This is to be expected since degree is
coordination number by another name. It is interesting to note that
during the microbanding regime (stage 2 Tordesillas, 2007), the
standard deviation of the degree distribution appears to level off,
suggesting that the changeover to the microbanding regime is
being captured by the degree distribution. The activity within the
material during the microbanding regime results in measures of
nonafﬁne deformation showing spatially an intermittent crisscross
pattern as local dilatation occurs (Tordesillas et al., 2008). As can be
seen from Fig. 4, when a microband dilates A! B there is a small
drop in degree (coordination number) for the central particles as
new motifs (4-cycles) replace older motifs (3-cycles) resulting in
a wider spread in degree distribution. Since, during this regime,
microbanding extends throughout the sample it is reasonable to
expect a leveling-off at this higher value of standard deviation of
degree at this stage.
It is clear that the drop in shear stress immediately after peak
stress where the material fails to support a further increase in load
is reﬂected in a sharp drop in the average degree. The average de-
gree then remains fairly constant in what is referred to as the crit-
ical state regime: here this regime evolves in the presence of a fully
developed and persistent shear band. We also remark that the
standard deviation of the degree distribution ﬂuctuates within a
restricted range suggesting that the response of the material to
increasing strain in this regime is in some sense a steady-state
behavior. We note that the value of the standard deviation of de-Table 2
Average quantities of network statistics for the three network representations of the
clusters in Fig. 4.
Cluster A Cluster B Cluster C
Degree 3.43 2.29 2.0
Clustering 0.63 0.17 0.0
Betweenness 2.57 4.86 5.14
Subgraph centrality 6.40 2.82 2.39
Network bi-partivity 0.72 0.93 0.99
Table 3
Average quantities of network statistics for the network representations of a
microband as shown in Fig. 4.
Microband A Microband B
Degree 3.87 3.47
Clustering 0.54 0.44
Betweenness 12.40 14.13
Subgraph centrality 8.94 6.07
Network bi-partivity 0.67 0.75gree is at its highest during this state. This trend is expected and
can be explained by recalling the basic structural features of micro-
bands versus shear bands. During the critical state, the material is
split into two relatively dense regions (high degree) separated by
the fully developed shear band in which large voids exist (low de-
gree). The large voids in shear bands are created from the buckling
of force chain structures, which span at least several particle diam-
eters; by contrast, those seen in microbands arise mainly in be-
tween particles moving over one another. Hence, we expect the
spread in the distribution for the degree to reach its highest value
during the critical state regime because of the presence of the
shear band.
3.2. Clustering coefﬁcient
A second fundamental quantity of a network which is often con-
sidered is the clustering coefﬁcient (Newman, 2003). The cluster-
ing coefﬁcient is a measure of the number of triangle motifs,
closed paths of length three, i.e., 3-cycles, in a network and it
ranges from 0 (no link between a nodes neighbors) to 1 (nodes
and their neighbors form a clique). A high value of clustering coef-
ﬁcient for an individual particle corresponds to a local closely
packed structure whereas a low value means fewer 3-cycles, lo-
cally loosely packed and less connectivity. An arrangement of three
particles in the form of a triangle is known to result in frustrated
rotations and hence stability. Since clustering coefﬁcient is a mea-
sure of the amount of triangles in the contact network, its drop cor-
responds to a loss of these stabilizing structures in the material.
The mesoscopic cluster arrangements of Fig. 4 show the effect
of nonafﬁne deformation on the clustering coefﬁcient. The hexag-
onal close packing arrangement of Cluster A is rich in 3-cycles
and so has a high global average of clustering coefﬁcient (0.63)
whereas the deformed Cluster C has zero number of triangles
and an average clustering coefﬁcient of 0.0.
As with degree we can consider the clustering coefﬁcient at the
macroscopic scale by averaging its value over the global network
(central panel of Fig. 6) We see that the global behavior of the clus-
tering coefﬁcient mirrors that of average degree. During the strain-
hardening and microbanding regimes there is a gradual decrease in
clustering coefﬁcient before a sharp drop at peak stress where the
material fails. Fluctuations about a steady-state value is seen in the
post-peak stress regime for both the average clustering coefﬁcient
and its standard deviation.
The clustering coefﬁcient presented here is the most standard
and simplest one to quantify 3-cycles in a network. More general
clustering coefﬁcients have been proposed in the complex network
literature. For example, Lind et al. (2005) introduce a clustering
coefﬁcient C4 to quantify the amount of 4-cycles in a network. As
we have seen in Fig. 6, the dilatation leads to loss of 3-cycles to
form higher order cycles. Fig. 7 exempliﬁes this further. Quantify-
ing the population of 4-cycles using C4 is of interest. In Fig. 6 (bot-
tom panel), we show how C4 changes with increasing load. There is
a decrease in 4-cycles during the strain-hardening regime followed
by a drop and then a leveling-off at peak shear stress and beyond.
Thus, 4-cycles are also being destroyed as a result of the dilatation.
3.3. Betweenness centrality
The degree distribution and clustering coefﬁcient together with
average path length are typically the ﬁrst and sometimes the only
quantities studied in a complex network analysis of a system. The
path length is the distance between two nodes in a network, com-
monly deﬁned to be the minimum number of hops, i.e., number of
links traversed between the two nodes in a self-avoiding path be-
tween them. A network with a scale-free distribution typically has
an unusually short average path length as two nodes seemingly far
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Fig. 6. (top panel) Average degree E½k and its standard deviation r½k throughout the loading history. (center panel) Average clustering coefﬁcient E½cc throughout the
loading history and its standard deviation r½cc. (bottom panel) Average C4 clustering coefﬁcient throughout the loading history and its standard deviation. Solid line refers to
the left axis label, dashed line to the right.
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Fig. 7. (a) 3-cycles and 4-cycles in a particle cluster. These open up and combine to
yield (b) a 5-cycle in the middle portion of the particle cluster, and subsequently (c)
a 7-cycle in the upper portion of the cluster, ultimately leading to (d) a single 9-
cycle.
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hubs. As argued above it is unlikely our contact networks degree
distribution is scale-free and in a similar vein unlikely to exhibit
small world properties. A small world network is one which can
have a high clustering coefﬁcient and low (average) path length
compared to a random network. The low path length is possible
because there are long-range connections (short cuts) in thecontact network. Since there is no possibility of short cuts in the
network – particles far apart cannot be in contact – the contact
network is not small world. As such we believe a study of the
shortest path length alone is uninteresting.
Despite the absence of long-range links and hubs a quantity re-
lated to path length is interesting and revealing. This quantity is cen-
trality and in particular betweenness centrality. The betweenness
centrality is a measure of how important a particular node, or link,
is in the network. The betweenness centrality of a node i is the num-
ber of shortest paths between two other nodes that run through i
(Newman, 2003). The distribution of betweenness of the nodes of a
network can follow a power law and it has been suggested that net-
works could be classiﬁed in this way (Goh et al., 2001). In models of
processes on communication networks the betweenness has been
used as a proxy for the load (Gang et al., 2006).
The importance of betweenness in the contact network can once
again be seen by considering particles locally on the mesoscale. Re-
call again both the buckling force chain clusters and microband in
Fig. 4 with the average betweenness calculated and summarized in
Tables 2 and 3. The betweenness centrality is a measure of how
important a particle iswith respect to shortest paths in the network.
Particles which connect two areas of deformation, e.g., the central
particle inClusterC, or the central columnsofmicrobandB,will have
a high betweenness centrality since shortest paths connecting the
particles on either side must necessarily pass through these parti-
cles. Thus in areas of highest deformation, e.g., locations in the shear
band, there will be particles that have a dominating contribution to
an average value of betweenness.
To be more speciﬁc consider Cluster A where seven particles are
tightly packed. The central particle has the highest betweenness
since many of the shortest paths between its surrounding particles
include it. Due to the tightness of the packing, however, there are a
number of other shortest paths between particles which do not
pass through this central particle and so it is not a dominating
presence in the cluster. In contrast the central particle in Clusters
B and C, due to the nonafﬁne deformation and loss of connectivity,
becomes dominant as almost all shortest paths between particles
on either side of it are required to pass through this particle. Thus,
locally, nonafﬁne deformation leads to high betweenness or central
point dominance, and a tight packing leads to lower betweenness
or central point dominance. Similarly, in a microband, when it di-
lates there are less paths connecting both sides of the band and so
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increases.
The calculation of betweenness is time and memory consuming,
for example, the good algorithm of Brandes (2001) requires
OðN þ LÞ in space and OðNLÞ in time, where N is the number of
nodes and L is the number of links. As a consequence the calcula-
tion for all 299 strain stages for the global contact network is costly
and so we concentrated on computing the betweenness in the re-
gion where the shear band occurs. The persistent shear band in this
system is approximately inclined at 45 anticlockwise to the posi-
tive x-axis (Tordesillas, 2007), with the central axis of the band
extending from the lower left to the upper right corner of the spec-
imen. We thus approximated the region where the shear band
develops to be a straight band whose boundaries lie parallel to
and within 10 particle diameters from the central axis of the shear
band. The thickness of this band region is determined from the par-
ticle rotations which increased from zero at these boundaries to a
maximum in the middle of the band; similarly, a relatively large
gradient in the velocity proﬁle can be observed along these band
boundaries (Tordesillas, 2007). By focussing only on this band re-
gion, the size of the network is reduced from 5098 nodes to 1323
nodes. Recall the salient features summarized earlier in Section
2.3: the shear band is the region where the greatest extent of
deformation and dissipation occurs. Fig. 8 shows the result of aver-
age betweenness for particles located in the area where the shear
band forms. The large ﬂuctuations are indicative of the variability
seen when focusing on shear band activity but the local rearrange-
ments taking place especially in the microbanding regime and be-
yond are clearly manifesting themselves in this centrality measure.
Indeed during this stage of behavior the average betweenness at-
tains its maximum value. This can be attributed to the fact that
microbands occur across the extent of the material at the same
stage and certainly throughout the network within the shear band.
At other stages of the deformation beyond peak stress nonafﬁne
deformation occurs more locally albeit in a number of areas and
so there are less dominating particles with respect to betweenness
in the specimen.
3.4. Subgraph centrality and network bi-partivity
The clustering coefﬁcient being a measure of triangles, or 3-cy-
cles, in the network was seen to decrease dramatically as the0 0.02 0.04 0.06
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Fig. 8. (top panel) Average betweenness centrality E½bc for shear band particles normali
panel) Average subgraph centrality E½sc for the global contact network and average netwmaterial lost stability. An obvious extension is to ask about the
occurrence of other network motifs, in particular, longer cycles of
length four and above. Such a consideration leads to higher order
clustering coefﬁcients such as C4 but a cleaner measure is that of
subgraph centrality and the related network bi-partivity (Estrada
and Rodríguez-Velázquez, 2005; Estrada and Rodríguez-Velázquez,
2005).
Subgraph centrality is a spectral method and is a measure to
quantify the number of cycles in a network. Other methods for
quantifying the number of large cycles in a network using statistics
and counting arguments can be found in (Lind et al., 2005; Vázquez
et al., 2005; Rozenfeld et al., 2005). A second alternative is to cal-
culate a minimal cycle basis of a network (Horton, 1987; Mehlhorn
and Michail, 2006). This is feasible for the 5098 node contact net-
works considered here and we report elsewhere (Tordesillas et al.,
submitted for publication) the results of ﬁnding such basis and
examining their properties.
Recall, the adjacency matrix is a useful construct to summarize
the connectivity of a network. Powers of the adjacency matrix re-
veal the number of paths between any two nodes including closed
paths starting and ending at the same node. Unfortunately, this
count includes not only self-avoiding paths but trivial paths such
as node i ! j ! i, i.e., a path retracing itself. Nevertheless, if we
concentrate on the diagonal entries of An then these values give
the number of closed paths of length n starting and ending at a par-
ticular node. Clearly such a count includes all of the n-cycles
involving that node. Subgraph centrality quantiﬁes this by consid-
ering the following for node i:
CSðiÞ ¼
X1
k¼0
lkðiÞ
k!
ð15Þ
where lkðiÞ ¼ ðAkÞii. CSðiÞ can be expressed in terms of the eigen-
values and an orthonormal basis constructed from the eigenvectors
of the adjacency matrix A (Estrada and Rodríguez-Velázquez, 2005).
Speciﬁcally,
CSðiÞ ¼
XN
j¼1
ðv ijÞ2ekj ð16Þ
for N nodes, eigenvalues kj and v ij being the ith component of the j
th
(orthonormal) eigenvector. Hence, subgraph centrality summarizes
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associated with a loss of low-order cycles, in particular 3-and 4-
cycles.
Network bi-partivity is closely related to subgraph centrality. If
we separate the sum in (15) into odd and even cycle contributions
then the network bi-partivity quantiﬁes the contribution to CSðiÞ
from even cycles. That is,
NBðiÞ ¼ CevenS ðiÞ=CSðiÞ ð17Þ
This quantity has a maximum value that is equal to one and
achieves this value if there are no odd cycles in the network which,
of course, means the network is in fact bi-partite.
Consider, once more, the mesoscopic cluster and microband
arrangements of Fig. 4. As the force chain in the cluster buckles
and the microband dilates the number of low-order cycles within
the contact network decreases and higher order cycles appear.
For the transformation Cluster A ! Cluster C, all of the 3-cycles
are broken to be replaced by one 5-cycle. In the case of the micro-
band, we see 3-cycle motifs becoming 4-cycle motifs as the band
dilates. These changes in topology are reﬂected by the average val-
ues of subgraph centrality and network bi-partivity as given in Ta-
bles 2 and 3. The nonafﬁne rearrangements lead to a decrease in
subgraph centrality and to an increase towards a value of one for
network bi-partivity as the population of odd cycles diminishes.
In Fig. 8 we show the results of calculating the average sub-
graph centrality and average network bi-partivity for the global
contact network (macroscopic scale). We note that the subgraph
centrality shows the same qualitative behavior as the clustering
coefﬁcient; it decreases with the loss of low-order cycles. More
revealing is the increase in network bi-partivity towards a value
close to one, indicative of the loss of stabilizing odd cycles in the
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Fig. 9. Force chains and low-order cycle membership.3.5. L-expansion networks
We have thus seen that the network measures consistently re-
veal that loss of connectivity in the network manifests itself as loss
of stability and load bearing capacity of the material. In particular
the abundance or lack of 3-cycles at stages throughout the loading
history appears to correlate with the loss of stability. The geometry
of 3-cycles and 4-cycles are some of the simplest and most impor-
tant network motifs (Milo et al., 2002) and a way to focus exclu-
sively on these is readily achieved by considering conditional L-
expansion networks (Costa, 2004). L-expansion networks act as a
network ﬁlter in that by design the resulting networks only contain
closed cycles of length ðLþ 1Þ. Hence, the L ¼ 2 conditional expan-
sion net contains all of the 3-cycles in the network. The L-expan-
sion networks are constructed as follows: for each node, ﬁnd all
other nodes which can be reached by a self-avoiding path of length
L. Summarize such connectivity with a new adjacency matrix L
where lij ¼ 1 if node j can be reached from node i by a self-avoiding
path of length L. This is the L-expansion network. Now, consider
the intersection of L and the original network, summarized by
the adjacency matrix A. If aij ¼ 1 and lij ¼ 1 we know that node i
and node j can be reached by a path of length 1 and another self-
avoiding path of length L, therefore they must belong to a cycle
of length Lþ 1. This is the conditional L-expansion network.
We have calculated the conditional L-expansion networks for
L ¼ 2 and L ¼ 3. We found that as we progress through the loading
history the ‘‘size” of these networks in terms of number of parti-
cles, whence number of cycles, decreases mirroring what we see
with the clustering coefﬁcient and subgraph centrality. What is
spectacular, however, is that if we consider how many of the con-
ditional L-expansion network particles are also involved in the
important load bearing force chain particles we ﬁnd the remark-able answer of the majority. This is succinctly summarized in
Fig. 9 where the ratio of force chain particles within a conditional
L-expansion network to all force chain particles in plotted. Further-
more, we see that in the post-peak shear stress regime, the reduc-
tion of 3-cycles in force chains is far more severe compared to that
of 4-cycles (around 25% in 3-cycles versus 10 % in 4-cycles): this
suggests that the loss of 3-cycles around force chain particles
may play a dominant role in the stability and failure by buckling
of said chains. We have investigated this relationship in detail else-
where (Tordesillas et al., submitted for publication) where the
interplay between force chains, their lateral support provided by
conﬁning neighbors, 3-cycles and all other higher order cycles is
studied towards the onset of buckling and failure of the material.4. Weighted networks
The network statistics considered at this point have solely in-
volved the contact network. That is, only the physical connectivity
of the particles has been exploited. Since we are considering phys-
ical contacts between particles it is reasonable to progress to the
notion of a contact force matrix where instead of a binary adja-
cency matrix A we construct a weight matrix W. The non-zero ele-
ments wij of W contain information on the forces acting at such a
contact. It is clear that by applying an operator dðwij > 0Þ ¼ 1 to
each element of W recovers the contact network adjacency matrix
A from the contact force network weight matrix W. There are a
number of choices concerning what force information to use as
the weights wij. A reasonable choice which we use in this paper
is to set wij equal to the magnitude of the normal force component
between two particles. When we take into account the contact
forces we can consider a contact force network usefully summa-
rized by a weight matrix. There are a number of analogs to degree,
clustering coefﬁcient, path length of unweighted networks in
weighted networks. Some of these include, strength, intensity,
coherence and weighted clustering (Onnela et al., 2005).4.1. Strength, intensity, coherence and weighted clustering
As the degree is the sum of links a node has, the strength is a
sum over the contact weights of a node. The intensity of a subgraph
is the geometric mean of the contact link weights in the subgraph
and the coherence is the ratio of the intensity to the arithmetic
mean of the subgraph weights. A weighted clustering coefﬁcient
D.M. Walker, A. Tordesillas / International Journal of Solids and Structures 47 (2010) 624–639 635can also be obtained by calculating it for the unweighted case and
then weighting the result using either the network intensity or
network coherence.
Recall, we weight the links by the magnitude of the normal con-
tact force. It is unsurprising therefore that average strength and
network intensity (Fig. 10 top and central panel respectively) qual-
itatively follow the shear stress ratio differing only quantitatively.
The dashed line in the central panel shows the coherence. The net-
work coherence by its name measures how coherent the network
weights (normal contact forces) are. A value close to one implies
a very tight distribution of contact forces whereas a lower value
indicates a more diffuse distribution of these forces. We see from
the curve that initially the contact forces are similar falling to a
minimum and rising again until the drop in peak shear stress
where network coherence remains fairly steady in the critical state.
The period where coherence reaches a minimum and then rises
coincides with the development of the shear band, exactly the time
when we would expect the distribution of values of contact forces
to be at its widest. The bottom panel of Fig. 10 shows how the un-
weighted clustering coefﬁcient is affected by weighting by inten-
sity (solid line) and by coherence (dashed line). The coherence
weighted clustering coefﬁcient is similar to the unweighted ver-
sion, however, the intensity weighted clustering coefﬁcient rises
to a maximum at the start of stage 2, and gradually decreases with
strain to the end of stage 2 (or strain at peak shear stress) and ﬁnal-
ly a dramatic drop mimicking the drop in shear stress.
We see that by including contact force information we are able
to capture more of the global behavior of the system. In particular
both intensity weighted clustering and network coherence appear
capable of identifying the known three regimes of behavior of the
specimen. It is clear that in a similar fashion we can weight every
unweighted network quantity by the appropriate network inten-
sity, coherence or strength to obtain a weighted analog.
4.2. Weighted subgraph centrality
We have found so far in this paper that loss of stability and load
bearing capacity of a granular material is related to the loss of n-cy-
cles, in particular, of 3-cycles. A useful network statisticwhichmon-
itors this is subgraph centrality both at the mesoscopic and
macroscopic scale. It is possible to modulate this quantity by
network intensity or network coherence to produce weighted0 0.02 0.04 0.06
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Fig. 10. (top panel) The average strength E½s and its standard deviation r½s. (center pa
weighted E½iwcc and coherence weighted E½cwcc clustering coefﬁcient throughout the lversions. Alternatively, since subgraph centrality is obtainedby con-
sidering the spectrum of an adjacency matrix we can compute a
weighted version by considering the spectrumof theweightmatrix.
However, before proceeding, motivated by the valuable insights
the cluster and microband arrangements provided for unweighted
network measures, we consider a way of combining the mesoscop-
ic scale to the macroscopic scale. We introduce a mesoscopic clus-
ter in which all neighboring particles are at a ﬁxed path length
away from the central reference particle. Note that considerations
of mesoscopic clusters elsewhere (e.g. Tordesillas, 2007; Tordesi-
llas et al., 2009) employed a Delaunay triangulation to identify
nearest neighbors: these included both contacting and non-con-
tacting particles and hence path lengths of neighbors within the
cluster were nonuniform with respect to the central reference par-
ticle. Here, in our new deﬁnition, we deﬁne a cluster to consist of a
given node i and the subnetwork/subgraph formed by it and all
particles within a given path length L. Thus for 5098 particles/
nodes we have 5098 clusters or subnetworks. (We present the re-
sults for path length L ¼ 1 but have obtained similar properties for
higher path lengths of L ¼ 2;3.) We shall show that by considering
certain network properties of these mesoscale particle clusters,
and also averaging over all network particles to obtain a macro-
scopic measure, we can capture temporally and spatially all of
the aspects of buckling force chains and dissipation that the nonaf-
ﬁne deformation measure described in Section 2 is capable of.
For each of these subnetworks or mesoscopic clusters we calcu-
late the average weighted subgraph centrality by considering the
eigenstructure of the weight matrix of the subnetwork rather than
the eigenvalues and eigenvectors of the adjacency matrix. By con-
sidering the weight matrix, we not only take into account the con-
tact topology of the cluster but also the forces involved.
To illustrate this consider the particle cluster in Fig. 11. If we
study this subnetwork in isolation then Fig. 11 shows the evolution
of the weighted subgraph centrality for a key event: the evolution
of a force chain that is among the ﬁrst to buckle in the system and,
as such, can be regarded as a nucleation mechanism for the shear
band. The evolution of particle clusters comprising force chain par-
ticles and their conﬁning neighbors was extensively studied in
Tordesillas (2007) and more recently in Tordesillas et al. (2009)
for a biaxial compression under constant volume from the view-
point of nonafﬁne strain and nonafﬁne curvature, as deﬁned earlier
in Eqs. (12) and (14). It was shown that these buckling events ex-0.08 0.1 0.12
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Fig. 11. Evolution of a buckling force chain event. Conﬁgurations of the force chain
and its conﬁning neighbors, contact network and weighted subgraph centrality
measure.
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Fig. 11, we show the conﬁguration at four strain states with the
representative network topology overlaid on the particles. Note
that as the axial strain increases the forces within the subgraph in-
crease leading to an increase in subgraph centrality. This is also
accompanied by local rearrangements in the contact topology. As
the force chain buckles there is a rapid rearrangement of particles,
a release of energy and drop in forces between the particles of the
subgraph. The decrease in weighted subgraph centrality for the
cluster captures this event extremely well.
We can therefore consider themesoscopic cluster of length L ¼ 1
for all particles in thenetwork thusobtaining the spatial distribution
of the weighted subgraph centrality. These values can then be aver-
aged over the entire network to get one globalmacroscopic quantity
for each strain state whose temporal evolution can be monitored as
done for the previous network measures introduced earlier.
The global average of theweighted subgraph centrality is plotted
in the upper panel of Fig. 12 together with the dissipation rate. The0 0.02 0.04 0.0
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Fig. 12. (top panel) Average weighted subgraph centrality of mesoscale clusters E½wsc w
jDE½wscj, offset for easier comparison to dissipation rate. Solid line refers to left axis labbehavior of the weighted subgraph centrality follows closely that
of the shear stress but what is clear is that the drops in this quantity
also coincidewith large increases in the dissipation rate (cf. the non-
afﬁne measure shown in the lower panel of Fig. 2). We can see this
more clearly if we consider the change in weighted subgraph cen-
trality with increasing strain, i.e., DCS ¼ jCSðt þ 1Þ  CSðtÞj as shown
in the lower panel of Fig. 12. The temporal correlation between this
quantity and dissipation rate is signiﬁcant and demonstrates that
just as a nonafﬁne deformationmeasure can temporally track dissi-
pation rate so to can this newmeasure.
It is known that by far the greatest contribution to dissipation
rate is found in and in the vicinity of buckling force chains and
their conﬁning neighbors (Tordesillas, 2007). It is further acknowl-
edged that these buckling events reside in what is called the shear
band. For this specimen the shear band is of width 8—21 particles
and extends diagonally from top right to bottom left of the sample.
Therefore, if it is indeed the case that changes in the weighted sub-
graph centrality for clusters is tracking dissipation the clusters (de-
ﬁned by their central particles) with highest values should localize
spatially in the shear band. In Fig. 13 we show this is what is hap-
pening by plotting the central particle of all clusters which satisfy
DCSðiÞ > meanðDCSÞ þ a stdðDCSÞ for a ¼ 0;1;2;3:. We see that for
a ¼ 0 almost the entire shear band is encompassed by such parti-
cles for a selection of representative strain stages and as we turn up
the value of a more and more particles outside of the shear band
are removed, demonstrating that our new measure localizes where
it is known the greatest dissipation occurs.
We can provide a last bit of evidence to show that this is so by
considering howmany of the particles in clusters comprising buck-
ling force chains and their conﬁning neighbors (i.e. CBFCs) – struc-
tures known to have a high dissipation during buckling – are one of
our central particles with high change in weighted subgraph cen-
trality (DCS). The ratio of the number of these particles containing
at least one particle with a high change in subgraph centrality to
the number of such clusters at that strain for different values of
a is shown in Fig. 14. For a ¼ 0 almost all clusters comprising buck-
ling force chains and their conﬁning neighbors contain such a par-
ticle; and even for the extremely strong ﬁlter a ¼ 3, the majority of
these clusters contain a central particle that has sustained the
greatest change in subgraph centrality.6 0.08 0.1 0.12
0
1
2
3
D
is
s.
 ra
te
6 0.08 0.1 0.12
train
0
1
2
3
D
is
s.
 ra
te
ith dissipation rate. (bottom panel) Change in weighted subgraph centrality clusters
el, dashed line to the right axis label.
−4 −2 0 2 4
−4
−2
0
2
4
−4 −2 0 2 4−4 −2 0 2 4−4 4−4−2 0 2 −2 0 2 4
−4
−2
0
2
4
−4
−2
0
2
4
−4
−2
0
2
4
Fig. 13. Spatial localization of highest rate of weighted subgraph centrality.
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We have characterized the developing network structure and
connectivity in a deforming dense granular material under biaxial
compression from the perspective of complex networks. The study
focussed on the evolution of the contact and contact force net-
works at the local or mesoscopic level, i.e., a particle and its imme-
diate neighbors, as well as the macroscopic level. We explored
various network motifs and other topological properties at multi-
ple length scales. The global network measures that were derived
from the unweighted contact network reveal some of the key
stages of deformation of the material, including: the onset of
microbanding during the strain-hardening regime which is cap-
tured by both the standard deviation of the degree as well as the
average betweenness, and the onset of strain-softening which is
captured by all of the properties considered. The clustering coefﬁ-cient, being a measure of the number of triangles (3-cycles) in a
network, was seen to decrease during loading to peak shear stress.
In 2D, 3-cycles are synonymous with frustrated rotations and as
such closely associated with stability. We studied these structural
motifs in more detail by examining the conditional L-expansion
networks for L ¼ 2 and L ¼ 3 corresponding to populations of 3-cy-
cles and 4-cycles, respectively. We made the striking observation
that particles involved in the strong network load bearing force
chains were also part of 3-cycles and 4-cycles. We noted that as
the material’s stability is lost through continued loading, signiﬁ-
cantly less force chain particles were also part of 3-cycles. This
did not appear to be the case for 4-cycles. In general, a measure
which tracks the population of the various n-cycles is subgraph
centrality and the closely related network bi-partivity. These mea-
sures further highlighted the signiﬁcance of odd cycles, especially
the 3-cycles.
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to tie dissipation to loss of material connectivity. Similarly, none of
the properties of the unweighted network revealed the onset of
shear banding. Some information relating to the contact forces
proved to be necessary, prompting the analysis of weighted con-
tact network properties. Network coherence captures the onset
of shear banding where it fell to a minimum indicating the widest
extent of forces in the material at this key event. The other
weighted statistics tracked the behavior of the shear stress.
We also studied network quantities with respect to particular
processes or rearrangement events that cause loss of connectivity
within the material domain, e.g. microbanding and force chain
buckling. Network statistics of these key mesoscopic processes,
previously shown as major sources of energy dissipation and non-
afﬁne deformation, give insight into underlying mechanisms
responsible for the trends observed in the evolving macroscopic
network. This was particularly true when we considered a macro-
scopic average of a weighted version of subgraph centrality calcu-
lated for each particle at a mesoscopic scale.
We showed that this weighted subgraph centrality measure
correlates strongly with nonafﬁne deformation and dissipation,
spatially and temporally, and at both the mesoscopic and macro-
scopic level. We studied this measure in relation to conﬁned buck-
ling of force chains and found that, locally, a large decrease in the
value of the weighted subgraph centrality occurs when a force
chain buckles and its local neighboring particles rearrange. Fur-
thermore, we demonstrated that these buckling force chains and
their conﬁning neighbors had the highest change of weighted sub-
graph centrality. These results suggest that weighted contact net-
work properties may potentially serve as suitable metrics for use
in thermomechanical constitutive formulations that are based on
the concept of internal variables. One such metric appears to be
that of weighted subgraph centrality.
This work is the ﬁrst step in an ongoing study of contact and
contact force network topologies aimed at discovering what net-
work properties and motifs are of pertinent use to the detailed
analysis of mesoscopic rearrangements and structural stability.
The results presented above also motivate the search for how
general the class of granular systems which can be studied using
techniques of complex networks, and that the insights gained
may help to establish ways by which metrics derived from these
studies can be introduced into thermomechanical constitutive
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